Throughout this paper, we will use the notations and terminology in ( [11] ) unless otherwise specified. Let (M, J, θ) be a closed three-dimensional pseudo-hermitian manifold, where θ is a contact form and J is a CR structure compatible with the contact bundle ξ = ker θ. The CR structure J decomposes C ⊗ξ into the direct sum of T 1,0 and T 0,1 which are eigenspaces of J with respect to i and −i, respectively. The Levi form , L θ is the Hermitian form on T 1,0 defined by Z, W L θ = −i dθ, Z ∧ W . We can extend , L θ to T 0,1 by defining , and hence on all the induced tensor bundles.
Integrating the hermitian form (when acting on sections) over M with respect to the volume form dV = θ ∧ dθ, we get an inner product on the space of sections of each tensor bundle.
We denote the inner product by the notation , . For example
for functions ϕ and ψ.
Let {T, Z 1 , Z1} be a frame of T M ⊗ C, where Z 1 is any local frame of T 1,0 , Z1 = Z 1 ∈ T 0,1
and T is the characteristic vector field, that is, the unique vector field such that θ(T ) = 1, dθ(T, ·) = 0. Then θ, θ 1 , θ1 , the coframe dual to {T, Z 1 , Z1}, satisfies
for some positive function h 11 . We can always choose Z 1 such that h 11 = 1; hence, throughout this paper, we assume h 11 = 1
The pseudohermitian connection of (J, θ) is the connection ∇ on T M ⊗ C (and extended to tensors) given in terms of a local frame Z 1 ∈ T 1,0 by
where θ 1 1 is the 1-form uniquely determined by the following equations:
where θ 1 1 and τ 1 are called the connection form and the pseudohermitian torsion, respectively. Put τ 1 = A 11 θ1. The structure equation for the pseudohermitian connection is
where R is the Tanaka-Webster curvature.
We will denote components of covariant derivatives with indices preceded by a comma; thus we write A1 1,1 θ 1 ∧θ. The indices {0, 1,1} indicate derivatives with respect to {T, Z 1 , Z1}. For derivatives of a scalar function, we will often omit the comma, for instance, ϕ 1 = Z 1 ϕ, ϕ 11 = Z1Z 1 ϕ − θ 1 1 (Z1)Z 1 ϕ, ϕ 0 = T ϕ for a (smooth) function. Next we consider several natural differential operators occuring in this paper. For a detailed description, we refer the reader to the article [11] . For a smooth function ϕ, the Cauchy-Riemann operator ∂ b can be defined locally by Define P ϕ = (ϕ11 1 + iA 11 ϕ 1 )θ 1 (see [11] ) which is an operator that characterizes CRpluriharmonic functions, and P ϕ = (ϕ 1 11 − iA11ϕ1)θ1, the conjugate of P . The CR Paneitz operator P 0 is defined by
More explicitly,
It follows that P 0 is a real and symmetric operator.
Definition 1.1. The Paneitz operator P 0 is nonnegative if
for all smooth functions ϕ.
Note that the nonnegativity of P 0 is a CR invariant in the sense that it is independent of the choice of the contact form θ. This follows by observing that if θ = e 2f θ be another contact form, we have the following transformation laws for the volume form and the CR Paneitz operator respectively (see Lemma 7.4 in [9] ):
We also observe that when the Webster torsion A 11 ≡ 0, then the Paneitz operator P 0 is given by,
Thus the vanishing of torsion implies that P 0 ≥ 0. We also recall that the vanishing of torsion is equivalent to L T J = 0 where L is the Lie derivative.
In the higher dimensional case, there exists an analog of P 0 which satisfies the covariant property. In this case, Graham and Lee, in [8] , had shown the nonnegativity of P 0 . Definition 1.2. Suppose that θ = e 2f θ. The CR Yamabe constant is defined by
The CR Yamabe constant is a CR invariant. We are now in a position to describe our main theorems. In this paper we show Theorem 1.3. Let M 3 be a closed CR manifold. If P 0 ≥ 0 and R > 0, then the non-zero eigenvalues λ of b satisfy λ ≥ min R, hence the range of b is closed. If P 0 ≥ 0 and the CR Yamabe constant > 0, then M 3 can be embedded into C n , for some n. In section 3 we prove the stability theorem: Theorem 1.5. Under (3.1), (3.4), (3.5), the embedding is stable which means that if |t| is small enough then the CR embedding Ψ t is close to Ψ 0 . Remark 1.6. If M is embeddable then the Paneitz operator P 0 has closed range (see [5] ).
We now turn our attention to section 4, where we show theonem 1.3 has a conuerse. We shall also compare our result with those of Burns-Epstein [4] and Bland [2] . . Let (M, J, θ) be a CR structure. Let φ be a complex valued smooth function on M, such that φ ∞ < 1.
For θ fixed consider a deformation of the CR structure given by
Our first order of business in section 4 is to compute in generality the connecfion forms, torsion forms and Webster-Tanaka curvature for the deformed structure. Now we specialize the situation to S 3 and consider small deformations of the standand CR structure of the sphere. In particular our goal is to consider the deformed structure on S 3 given by,
where
and t ∈ (−ǫ, ǫ). The factor F is introduced to normalize the Levi form so that h 11 ≡ 1. For this structure we compute the deformed Paneitz operator P t 0 . The main goal in Section 4 is to study the variations of P t 0 . We now consider the 3-sphere S 3 ⊂ C 2 ∋ (z 1 , z 2 ) and denote by
and the spherical harmonics
For a given φ ∈ C ∞ (S 3 ) one has the Fourier representation
where φ pq is the projection of φ onto H p,q . Definition 1.7. We say φ satisfies condition (BE) if and only if
It follows that if φ ∈ P p,q , then φ satisfies (BE) if and only if p ≥ q + 4.
Burns and Epstein proved in [4] that for t ∈ (−ǫ, ǫ) and φ satisfying (BE) the CR structure embeds into some C n . Conversely Bland [2] showed that embeddability of a CR structure close to the standard structure on S 3 implies condition (BE). To summarize we have
Theorem [ Burns-Epstein-Bland] . A CR structure close to the standard structure on S 3 is embeddable if and only if φ satisfies condition (BE).
We define the space
The main result proved in section 4 is Proposition 1.9. Let φ ∈ P p 1 ,q 1 . For a CR structure given by deformation by φ and close to the standard structure on S 3 , i.e., t ∈ (−ǫ, ǫ), the associated CR Paneitz operator is positive on H, provided φ satisfies (BE).
The proposition above is partial information about the behavior of the CR Paneitz operator near the standard CR structure on S 3 . We will return to a fuller investigation in a later paper.
We now outline the strategy of proof of Proposition 1.9. Since CR pluriharmonic functions are annihilated by the Paneitz operator, we will study for f ∈ H, the quadratic form
We show in Theorem 4.6 that for f ∈ H and φ ∈ C ∞ (S 3 ),
Thus the first variation all vanish. The (BE) condition does not appear in the first variation
formula, but appears in the second variation formula. 
In fact if φ satisfies (BE) then there is no unstable part.
Writing f ∈ H as
we get by throwing away the stable part:
We now invoke the Hopf fibration to perform the integration in the right side of the theorem above. Viewing S 3 as a S 1 fibration over CP 1 reduces the computation to doing
Fourier series on (−π, π). This is the content of Proposition 4.10. This proposition works for general φ if k = l, but we have been unable to do the integration when k = l unless φ ∈ P p 1 ,q 1 . We get Proposition 1.11. For any φ ∈ P p 1 ,q 1 , f ∈ H,
We emphasize that the conclusion of Proposition 1.11 holds for even those φ ∈ P p 1 ,q 1 for which p 1 < q 1 + 4, i.e., for those values of p 1 , q 1 that fail to satisfy condition (BE).
If however φ satisfies (BE), then it is evident for k ≥ 1, k + p 1 − q 1 − 4 ≥ 1 and thus from the above theoremÏ t (f )| t=0 > 0, for f ∈ H. Combining this fact with (1.5) and since t ∈ (−ǫ, ǫ) we see readily that if φ satisfies (BE), then for t ∈ (−ǫ, ǫ), f ∈ H, we have
We also point out some other results in section 4 of independent interest. One such result is Corollary 4.3, which states if φ ∈ P p 1 ,q 1 , with p 1 = q 1 + 4, then the deformed structure on S 3 also has zero torsion and conversely if φ is a homogeneous polynomial in P p 1 ,q 1 , then for precisely those for which p 1 = q 1 + 4, the new torsion will also vanish.
Lastly we comment that our second variation formula shows that for φ ∈ P p 1 ,q 1 and f ∈ H p,0 or f ∈ H 0,p , the possible negative direction ofÏ t (f )| t=0 can only lie in the space
A more careful computation of the second variation of Paneitz operator for Rossi's example φ ≡ 1, which we have chosen not to display, shows that the negative directions are given exactly by the functions f = z 1 , z 2 ,z 1 ,z 2 .
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The Embedding Criterion
In this section, we will derive the Bochner formula for the Kohn Laplacian. We need some commutation relations, for which we refer the reader to Lee's paper [11] . This formula contains no term related to pseudohermitian torsion. In this sense it seems to be more natural than the one for the sublaplacian. We have the following Bochner formula:
Proposition 2.1. For any complex-valued function ϕ ,we have
Proof. We calculate
here, for the last equality, we use the identity
Therefore, the Bochner formula is completed if we show that
By the commutation relations, we have.
and
Combining (4.55) and (4.61) ,we obtain (4.54). This completes the Proposition.
We now prove Theorem 1.3.
Proof of Theorem 1.3 : Let ϕ be an eigenfunction with respect to a nonzero eigenvalue λ, that is, ϕ is not a CR function. Taking the integral of both sides of the Bochner formula (2.1), we have
On the other hand,
Taking together the above two formulae, we obtain
(2.7)
Therefore, if P 0 is nonnegative and R > 0, then we immediately have that λ ≥ min R. Remark 2.2. The estimate for the nonzero eigenvalues is sharp. For example, the standard sphere S 3 as a pseudohermitian 3-manifold has the smallest nonzero eigenvalue λ = 2 = R, for details, see [6] .
Remark 2.3. In general, let M 2n+1 be a pseudohermitian manifold. The Bochner formula for the Kohn Laplacian is as follows:
where ∇ b ϕ C is the corresponding complex (1, 0)-vector of ∇ b ϕ. The proof of (2.8) is the same as (2.1). Again, in case n = 2, using this formula we also obtain that the sharp lower bound of nonzero eigenvalues of the Kohn Laplacian b is 4 3 k 0 , provided that the Ricci curvature has the lower bound:
for some k 0 and for all complex (1, 0)-vector X. Unfortunately, in the higher dimensional cases n ≥ 3, the coefficient 
be the boundary of the unit ball in C 2 with the induced CR structure given by the complex vector field
and contact form
Taking the admissible coframe
we have dθ = iθ 1 ∧θ1. Rossi's example is the CR manifold S 3 together with the CR structure given by
for all t ∈ R and t = 1, −1. Now, for |t| < 1, taking the contact form
and the admissible coframe
we have dθ(t) = iθ 1 (t) ∧ θ1(t) and the following Proposition:
Proposition 2.5. For |t| < 1, with respect to the coframe {θ(t), θ 1 (t), θ1(t)}, the connection form and pseudohermitian torsion are as follows
In addition, the Webster curvature is
Proof. We just check that forms θ 1 1 (t), τ 1 (t) satisfy the equations (1.3). Finally, after a direct computation, we see that
Similarly, for |t| > 1, take the contact form θ(t) and the admissible coframe θ 1 (t) as follows:
Then we have
From Theorem 1.3 and the above Proposition, we immediately obtain that the CR Paneitz operator of Rossi's nonembeddable manifolds are negative.
Stability of Embeddability
We now consider stability issues, see [4] and [12] for earlier work. We have a fixed CR structure on a compact manifold (M 3 , θ, J). Let us denote byL the CR vector field on M 3 .
We now perturbL by a smooth family of functions ϕ(·, t) = ϕ t (·) ,where (·) represents a point on M, and t ∈ (−ε, ε). We assume always,
We define
Associated toL t we form the associated∂
3)
We now use our main result to guarantee embedding of our CR structure in C N . Thus we assume that along the deformation path in t, By our main result (Theorem 1.3), using (3.4) and (3.5) it follows that
with ν independent of t. Thus by using the construction of Boutet de Monvel in [3] or the exposition in Chen and Shaw's book [7] , we can embed for ε > 0 small enough the CR structures via a map Ψ t into the same C N , i.e.,
The question arises if the maps Ψ t are close in say the sup-norm in t. We have the following theorem which we re-state from the introduction: THEOREM 1.5. Under (3.1), (3.4), (3.5), for any δ > 0, there exists ε > 0, so that
Proof. The proof of this theorem is abstract and relies on an identity in [4] . We use Proposition 5.55 in [4] . We denote the projection into the zero eigenspace of
b by ℑ ϕt , which is the Szego projector. By the spectral theorem and (3.6) if |λ| = ν/2, the resolvent (
is well-defined and so
and it is immediate that ℑ ϕt is a bounded operator on L 2 (M). As observed in [4] as a consequence of the above fact and their identity (5.58) they obtain the inequality (5.60) which we re-state,
where A is the sup norm of some high enough derivative of ϕ t − ϕ 0 . But by our hypothesis (3.1) the right side of (3.8) is smaller than δ > 0, for ε > 0, sufficiently small. Now recall the construction of Boutet de Monvel. Using the notation in [7] , page 318, the embedding for each coordinate chart is given by a CR function h t (we are in CR dimension 1), where
Now note h t − h 0 also satisfy an equation, that is, (3.10)
From (3.1) and (3.10), the right side of (3.10) is small in the C ∞ -norm. Since we have (3.6), it now implies by sub-elliptic regularity that for δ > 0, there exists ε 0 ,
In fact by differentiation of (3.10) in t, we may also obtain higher stability in t, provided we replace (3.1) by the stronger hypothesis that D α z,s D β t ϕ(z, s, 0) = 0 for large enough |α|, |β|. This proves our theorem since on coordinate charts of M, the map Ψ t is given by h t .
The second variation of the Paneitz operator
Our goal in this section is to investigate CR structures close to the standard structure on S 3 and prove Theorem 1.9, which is a converse to Theorem 1.3. To achieve our goal we compute the second variation of the Paneitz operator. Let (M, J, θ) be a three-dimensional pseudo-hermitian manifold. In the computation, the contact form θ is always fixed and we suppose that the CR structure J is given by the the (0, 1)-complex vector field Z1.
Suppose φ ∈ C ∞ (M) with |φ| < 1. Then the complex vector field
defines a strictly pseudoconvex CR structure on M.
For the purpose of computing the second variation, we need to know exactly what the connection and torsion forms are for the manifold with CR structure defined by the complex vector field (4.1). Therefore, first of all, we focus on the computation of the connection form and torsion form and then use them to obtain the second variation of the Paneitz operator.
Let θ 1 denote the (1, 0)-form dual to Z 1 . We take
as an admissible coframe, where
which is a real function. For simplifying the computation, we normalize Z1 φ by setting
φ , θ1 φ , θ} and h 11 φ ≡ h 11 . Now we are ready to compute the connection and torsion forms, which are denoted by θ 1 1 φ and τ 1 φ , respectively. They are determined by the following structure equations: 
4)
Proof. From the structure equations (1.3), we have
On the other hand, Therefore, from (4.8), we have 
that is, (4.14)
Multiplying (4.13) by φ and subtracting (4.16) we obtain
(4.17)
Since F 2 = 1 + |φ| 2 F 2 , substituting (4.17) into (4.13), we obtain (4.18)
Now, substituting (4.17) into (4.10), we obtain
Finally, to complete the proof of the proposition, we need to determine B 11 and B 12 . Taking the conjugate of the first formula of (4.8), we get
where the last equality is due to the first formula of (4. Substituting (4.20) into (4.14), we get (4.21)
Now multiplying (4.21) byφ and subtracting the conjugate of (4.21), we obtain
Substituting this into (4.20), we get
This finishes the proof of the proposition.
According to Example 2.4, we see that if S 3 is the 3-sphere with the standard CR structure and contact form then
Therefore we have the following corollary.
Corollary 4.2. On S 3 , the connection form and torsion with respect to the CR structure given by
where 
where (4.27)
We are now ready to compute the first and second variations of the Paneitz operator. The background space is the standard 3-sphere S 3 ⊂ C 2 with the CR structure given by the complex vector field
Fix φ, we use φ t = tφ to define the deformation of the CR structures along φ, i.e., for each t, the CR structure is defined by the complex vector field
where F = 1 (1−t 2 |φ| 2 ) 1/2 . The Kohn Laplacian for the deformed structure will be denoted by 
where Q t is a second order differential operator defined by
We would like to compute the first and second variations of 4P 0 and use "·" to denote differentiation with respect to t. We have the following proposition.
Proposition 4.4. We have
and From (4.24) and (4.25), we have
(4.37)
Now we compute the Kohn Laplacian and its variations. We have
where for any complex vector field Z ∈ T S 3 , we have
Next, we would like to expand −2Q t with respect to t at t = 0. Denote 4φ + iφ 0 as E. From (4.24), we see that
hence, from (4.30),
(4.41) and
(4.42) Substituting (4.41) and (4.42) into (4.40), we get
(4.43) Therefore, from (4.33) together with (4.36), (4.37), (4.38), (4.39) and (4.43), we get
hence the first variation of 4P 0 :
Finally, for the second variation of Paneitz operator, we also need to compute the second variation of the Kohn Laplacian. From (4.39), taking the derivative with respect to t, we get where, for all Z ∈ T S 3 ,
which implies that
Therefore, from (4.34) together with (4.36), (4.37), (4.38), (4.39), (4.43) and (4.46), we get
This completes the proposition.
For the reader's convenience we list the following useful facts [6] that are necessary for the subsequent computations. We recall H p,q denotes the space of bi-graded spherical harmonics of type (p, q) on S 3 . Then for f ∈ H p,q , and the operators associated to the standard structure on S 3 ,
(4.48)
Proof. We only display the proof for f ∈ H p,0 . The proof for f ∈ H 0,p is similar. We repeatedly integrate by parts and use g1 = 0 to finish the proof. From the first variation (4.31), we have
Integration by parts in the fourth term, and using g1 = 0 in the integration by parts and in the second term yields
where the last equality is due to the integration by parts and using g1 = 0.
Proof. The Proposition follows from Proposition 4.5 and the fact that the operatorṖ t 0 | t=0 is real.
Proof. Since f ∈ KerP 0 , its Fourier representation has the form
f pq , with p = 0 or q = 0.
Thus we divide it into a CR holomorphic part and a anti-CR holomorphic part, that is, f has an expression f = u + v, where u and v is a CR function and anti-CR function, respectively.
This means u1 = 0 and v 1 =0. Now we compute
Since u1 = 0, we get Du = φu 11 + φ 1 u 1 . Thus, Integrate by parts the last two terms to get
Taking together (4.54) and (4.55), and using u1 = 0 and integrating by parts again, we see
(4.56)
Similarly, using v 1 = 0, we get
Using the conjugate and the fact D 2 is real, we see
Substituting (4.56), (4.57), (4.58) and (4.59) into (4.53), we get
This finishes the proof.
Using (4.47) write
Proof. We first compute each term in the formula of the second variation of the Paneitz operator (see (4.32) ). For all f ∈ H p,0 , and g1 = 0.
By (4.48),
Eφfḡ.
Integrating by parts gives
Eφf 1ḡ1 .
(4.64)
We collect similar terms from (4.61) to (4.67) and observe that both the coefficients of terms S 3 |φ| 2 fḡ and
Eφfḡ are zero. The coefficient of the term S 3 |φ| 2 f 1ḡ1 is 8p and The coefficient of the term S 3 Eφf 1ḡ is −8. This completes the proof of (b). Similarly, for f ∈ H 0,p , integrating by parts and using f 1 = 0 and g1 = 0, we get
Taking all together these terms, we get < Rf, g >= 0. This completes the proof of (a).
The proof of Proposition 1.10: From (4.60),
Using Proposition 4.7,
Using the relations in Proposition 4.8, one computes 1 4 < Rf, f >= 2 Proposition 4.9. For f ∈ H p,0 , f 1 = e i(p−2)ψ H(w,w) and g ∈ H 0,p g1 = e −i(p−2)ψ G(w,w), so in particular both |f 1 | and |g1| does not depend on the fiber coordinate ψ. Using Plancherel's theorem again we obtain our result.
We only consider the case for f Eφ is also independent of the fiber variable ψ, and only depends on w,w.Thus if k = l, the integrand may be written as e ±i(k−l)ψ G ± (w,w), from which it immediately follows that if k = l, the integral vanishes. When k = l, from the computation (4.74) in part (a), , We have our conclusion.
The proof of Proposition 1.11: We put together Proposition 1.10 and the computation of the integrals in the right side of Proposition 1.10 which are done in Proposition 4.10. The Proposition follows.
We emphasize that in Proposition 1.11 we do not hypothesize that φ satisfies (BE). The following corollaries are therefore immediate consequences of Proposition 1.11.
Corollary 4.11. Let φ ∈ P p 1 ,q 1 . Then <P t 0 | t=0 f, f > is positive for all f ∈ H p,0 or f ∈ H 0,p , p ≥ 1 if φ satisfies condition (BE),i.e., p 1 ≥ 4 + q 1 .
Corollary 4.12. Let φ ∈ P p 1 ,q 1 and W denote the subspace of ⊕H p,0 ⊕ H 0,p on whicḧ P t 0 | t=0 < 0. Then W ⊂ ⊕H p,0 ⊕ H 0,p , for p < q 1 + 4 − p 1 .
Remark 4.13. The reader may verify by making an explicit calculation for φ t = t, using the above formula, that is in Rossi's example, we have <P t 0 | t=0 f, f > < 0, for f = z 1, z 2 ,z 1 ,z 2 .
